
Exercise 9. A quiver is a tuple G = (V,E, d, c), where V and E are sets, and d, c : E ⇒ V are functions. For a, b ∈ V , a path from
a to b in G, is a list p = (an, fn, an−1, fn−1, . . . , a1, f1, a0), for some n ≥ 0, with ai ∈ V and fi ∈ E for each 0 ≤ i ≤ n, such that
a0 = a, an = b, and, for each 0 < i ≤ n, d(fi) = ai−1 and c(fi) = ai; we write p : a → b. The category of paths on G, PG, has set of
objects V and set of morphisms the paths in G.

a. Define an appropriate identity and composition on PG and show that PG is a category.

b. Let C be a category. A morphism from G to C is a pair of functions F0 : V → obC and F1 : E → morC such that, for all
f ∈ E, F1f has domain F0(df) and codomain F0(cf). Prove that, for any morphism (F0, F1) from G to C, there is a unique
functor F̄ : PG → C such that F̄ a = F0a for all a ∈ V and F̄ (ce, e, de) = F1e for all e ∈ E.

Remark. The category PG is also called the free category on G.
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10 Adjunctions

Exercise 32. Let P and Q be posets, viewed as thin categories. Let f : P → Q be a functor, which we recall is the same thing as
a monotone function.

a. Write down what it means in this case that a functor g : Q → P is right adjoint to f .

b. Prove that, if f has a right adjoint, then f preserves any supremum that exists in P .

c. Let i : Z ↪→ Q be the inclusion function. Does it have a right adjoint? Does it have a left adjoint?

d. Same questions for the inclusion function Q ↪→ R.
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Exercise 33. Let Set∗ be the category of pointed sets, whose objects are pairs (X,x), with x ∈ X, and whose morphisms
(X,x) → (Y, y) are functions f : X → Y such that f(x) = y. Prove that the functor U : Set∗ → Set, which sends (X,x) to X and
f to f , has a left adjoint.
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Exercise 34. Prove that the forgetful functor U : Mon → Set has a left adjoint.
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11 Universal elements and arrows

In this section, let C be a category and F : Cop → Set a functor.

Definition G. An element of the functor F is a pair (c, x), where c is an object of C and x is an element of the set Fc. Given two
elements (c, x) and (d, y) of the functor F , a morphism from (c, x) to (d, y) is a morphism f : c → d in C such that Ff(y) = x. We
write

∫
F for the category of elements of the functor F .

Exercise 38. Prove that
∫
F is a category.
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Definition H. An element (c, x) of F is universal if the unique (by the Yoneda Lemma) natural transformation, α : yc ⇒ F , such
that ec,F (α) = x, is an isomorphism.

Exercise 39. Let (c, x) be an element of F . Show that (c, x) is universal if, and only if, (c, x) is a terminal object of
∫
F .
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